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Abstract
For two graphs G and H, the Ramsey number r(G,H) is the smallest positive
integer r, such that any red/blue coloring of the edges of graph Kr contains
either a red subgraph that is isomorphic to G or a blue subgraph that is
isomorphic to H. Let Sk = K1,k be a star of order k + 1 and Kn unionsq Sk be a
graph obtained from Kn by adding a new vertex v and joining v to k vertices
of Kn. The star-critical Ramsey number r∗(G,H) is the smallest positive
integer k such that any red/blue coloring of the edges of graph Kr−1 unionsq Sk
contains either a red subgraph that is isomorphic to G or a blue subgraph
that is isomorphic to H, where r = r(G,H). In this paper, it is shown that
r∗(Fn, K4) = 4n + 2, where n ≥ 4.
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1. Introduction and Background
Let G = (V (G), E(G)) denote a finite simple graph on the vertex set
V (G) and the edge set E(G). The order of a graph G is |V (G)|. The sub-
graph of G induced by S ⊆ V (G), G[S], is a graph with vertex set S and
two vertices of S are adjacent in G[S] if and only if they are adjacent in G.
For a vertex v ∈ V (G), we denote the set of all neighbors of v by N(v). For
the subset S ⊆ V (G), N(S) = ⋃s∈S N(s). The degree of a vertex v in G is
denoted by dG(v) (for abbreviation d(v)). The graph G−H is the subgraph
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of G obtaining from the deletion of the vertices of H where H is a subgraph
of G.
The cycle of order n is denoted by Cn. We refer to a cycle of odd order as
an odd cycle. We denote the complete graph on r vertices by Kr. By trian-
gle, we refer to the complete graph K3. A clique is a subset of vertices of a
graph, such that its induced subgraph is complete. The number of vertices
of a largest clique in a graph G is denoted by ω(G). The fan graph, Fn, can
be constructed by joining n copies of the complete graph K3 with a common
vertex. We refer to this common vertex as the center vertex of the fan graph.
For any graph G and positive integer n, the disjoint union of n copies of G
is denoted by nG.
For a positive integer k, a complete k-partite graph is a graph that can be
partitioned into k disjoint sets, such that no two vertices within the same
set are adjacent, but every pair of vertices from two different sets are adja-
cent. Now, let G be a complete k-partite graph with disjoint sets A1, . . . , Ak
which we sometimes write G = (A1, . . . , Ak), then the graph G is denoted by
K|A1|,...,|Ak|.
For a red/blue edge-coloring of a graph G, the subgraph induced by red edges
is denoted by GR and the subgraph induced by blue edges is denoted by GB.
we denote the set of all neighbors of v in GR by NR(v) and in GB by NB(v).
We sometimes refer to a vertex u ∈ NB(v) (or u ∈ NR(v)) as a blue neighbor
(or red neighbor) of v. The number of all blue neighbors of v in G is denoted
by dB(v). In the other words, dB(v) = |NB(v)|. We define dR(v) similarly.
Let H be a subgraph of G or a subset of V (G) and v ∈ V (G). The set NH(v)
is the set of neighbors of v in H. In the other words, NH(v) = N(v) ∩ H.
Also, we define the sets NBH (v) = N
B(v) ∩H and NRH(v) = NR(v) ∩H. The
dBH(v) and d
R
H(v) are defined similarly.
Let Sk = K1,k be a star of order k+ 1 and KnunionsqSk be a graph obtained from
Kn by adding a new vertex v and joining v to k vertices of Kn.
Let G and H be two graphs. The Ramsey number of G and H is the smallest
positive integer r such that every red/blue coloring of Kr contains a red G
or a blue H. Note that for r = r(G,H), there exists a critical red/blue edge-
coloring graph Kr−1 which contains no monochromatic subgraph isomorphic
to G or H. We call such a red/blue edge-coloring a (G,H)-free coloring and
the complete graph, Kr−1, with a (G,H)-free coloring as a (G,H)-free graph.
For two graphs G and H, the star-critical Ramsey number, r∗(G,H), is de-
fined to be the smallest integer k such that every red/blue edge-coloring of
Kr−1 unionsq Sk contains a red G or a blue H, where r = r(G,H).
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The star-critical Ramsey number was defined by Hook and Isaak in [1]. The
following theorem was Shown by Zhen Li and Yusheng Li in [2].
Theorem 1. Let n ≥ 2 be an integer. Then r∗(Fn, K3) = 2n + 2.
In this paper, we prove the following theorem.
Theorem 2. Let n ≥ 4 be an integer. Then r∗(Fn, K4) = 4n + 2.
2. Proof of Theorem 2
In order to prove our theorem, we need some theorems and lemmas.
Lemma 3. [3] Let m ≥ 1 and n ≥ 2 be integers. Then r(mK2, Kn) =
n + 2m− 2. In particular, r(nK2, K4) = 2n + 2.
Theorem 4. [4] r(Fn, K3) = 4n + 1 for n ≥ 2.
Theorem 5. [5] Let n ≥ 2 be an integer. Then r(Fn, K4) = 6n + 1.
Proposition 6. Let G = K6n be a (Fn, K4)-free graph, where n ≥ 2. For each
v ∈ V (G), 2n− 1 ≤ dR(v) ≤ 2n + 1. Consequently, 4n− 2 ≤ dB(v) ≤ 4n.
Proof. If dR(v) ≥ 2n + 2, then by Lemma 3, G[NR(v)] contains a red nK2
or a blue K4. If d
R(v) ≤ 2n− 2, then dB(v) ≥ 4n + 1. By Theorem 4,
G[NB(v)] contains a blue K3 or a red Fn. In both cases, we reach to a
contradiction.
Proposition 7. Let n ≥ 2 and G be a (Fn, K4)-free graph of order 6n which
contains a red K2n, say K. Then G−K contains no blue triangle.
Proof. By contrary, suppose that G−K contains a blue triangle, say T = xyz.
If dRK(u) ≥ 2, for some u ∈ {x, y, z}, then K ∪ {u} contains a red Fn, which
is a contradiction. Therefore, dBK(u) ≥ 2n − 1, for every u ∈ V (T ). Thus,
NB(x) ∩ NB(y) ∩ NB(z) 6= ∅, which implies that G contains a blue K4, a
contradiction.
Proposition 8. Let n ≥ 4 and G be a (Fn, K4)-free graph of order 6n which
contains a red K2n, say K. Also, suppose that Ct is a shortest blue odd cycle
in G−K. Then t = 5 or t = 7.
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Proof. Proposition 7 implies that t ≥ 5. Let u be an arbitrary vertex of Ct.
By Proposition 6, since dB(u) ≥ 4n− 2, we conclude that dBG−(K∪Ct)(u) ≥
2n− 4. Since G−K contains no blue triangle, each two adjacent vertices of
Ct, say u and v, have at least 4n− 8 distinct blue neighbors in G− (K ∪Ct).
Thus, 4n− t ≥ 4n−8, which implies that t ≤ 8 and hence t = 5 or t = 7.
Proposition 9. Let n ≥ 4 and G be a (Fn, K4)-free graph of order 6n which
contains a red K2n, say K. Then G−K contains no blue C5.
Proof. By contrary, suppose that G contains a blue C5. Note that Propo-
sition 7 implies that this cycle is an induced cycle in GB. Let V (C5) =
{u1, . . . , u5} such that ui is adjacent to ui+1, for i = 1, . . . , 4 and u5 is adja-
cent to u1. For each ui ∈ V (C5), we have |NBG−(K∪C5)(ui)| ≥ 2n− 4.
Let Xi ⊆ NBG−(K∪C5)(ui) with |Xi| = 2n− 4, for i = 1, 2, . . . , 5. Then Propo-
sition 7 implies that R1 = X1 ∪ {u2, u5} and R2 = X2 ∪ {u1, u3} are disjoint
red cliques of order 2n − 2 (See Figure 1). Let a, b and c be the remaining
vertices of G. Proposition 7 implies that at least one of the edges between
a, b, c is red, for instance ab.
Suppose that all edges between two sets {a, b, c} and {u1, u2} are red. Then
all edges between c and R1 ∪R2 − {u1, u2} are blue, otherwise R1 ∪ {a, b, c}
or R2 ∪ {a, b, c} contains a red Fn with the center u2 or u1, respectively. So,
dBG−K(c) ≥ 4n − 6 = (2n − 2) + (2n − 2) − 2 and consequently dBK(c) ≤ 6,
since dB(c) ≤ 4n. Now, since n ≥ 4, K ∪ {c} contains a red Fn, which is a
contradiction.
So, with no loss of generality, we may assume that a has a blue edge to
u1. Proposition 7 implies that all edges between a and R1 are red. Let
R′1 = R1 ∪ {a}. By Proposition 7, at least one of the edges between b, c, u4
is red, for instance bc. Similarly, all edges of the set {b, c} to the set {u1, u2}
can not be red. If all edges of {b, c} to the set {u1, u2} are red, then all
edges between u4 and R1 ∪ R2 − {u1, u2} are blue, otherwise R1 ∪ {b, c, u4}
or R2 ∪ {b, c, u4} contains a red Fn with the center u2 or u1, respectively.
It means dBG−K(u4) ≥ 4n − 6 and consequently, dBK(u4) ≤ 6. Since n ≥ 4,
K ∪ {u4} contains a red Fn, which is a contradiction.
With no loss of generality, suppose that bu1 or bu2 is blue (Note that this
case for c is similar).
If bu1 is blue, then by Proposition 7 all edges between b and R
′
1 are red.
So, R′′1 = R
′
1 ∪ {b} is a red clique of order 2n. Since G contains no red Fn,
dRR′′1
(u3), d
R
R′′1
(u4) ≤ 1. So, u3 and u4 have at least 2n− 2 blue common neigh-
bors in R′′1, a contradiction with the fact that G−K has no blue triangle.
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Figure 1: G−K containing an induced blue C5 or C7.
If bu2 is blue, then all the edges between b and R2 are red, by Proposition 7.
Then R′2 = R2 ∪ {b} is a red clique of order 2n− 1. By Proposition 7, one of
the edges cu1 or cu2 is red, for instance cu1. The edge cu4 is blue, otherwise
R′2 ∪ {c, u4} contains a red Fn with the center u1. Thus, cu3 and cu5 are red
since G −K contains no blue K3. Therefore R′2 ∪ {c, u5} contains a red Fn
with the center u3, a contradiction.
Proposition 10. Let n ≥ 4 and G be a (Fn, K4)-free graph of order 6n which
contains a red K2n, say K. Then G−K contains no blue C7.
Proof. By contrary, suppose that G contains a blue C7. Propositions 7 and
9 yield that this cycle is an induced cycle in GB. Let V (C7) = {u1, . . . , u7}
such that ui is adjacent to ui+1, for i = 1, . . . , 6 and u7 is adjacent to u1.
By Proposition 6, for every ui ∈ V (C7), we have dBG−(K∪C7)(ui) ≥ 2n − 4.
Let Xi ⊆ NBG−(K∪C7)(ui), for i = 1, 2, . . . , 7. Then R1 = X1 ∪ {u2, u7} and
R2 = X2 ∪ {u1, u3} are red cliques of order 2n− 2 since G−K contains no
blue triangle (See Figure 1). It is easy to see that R2 ∪ {u4, u5, u6} induces
a red Fn with the center u1, a contradiction.
Now, we can prove the following.
Lemma 11. Let n ≥ 4 be an integer and GR be the graph induced by red
edges from a (Fn, K4)-free coloring of G = K6n. If G
R contains K2n, then it
contains 3K2n.
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Figure 2: The graph G = K6n containing a blue triangle T .
Proof. By Propositions 7, 9 and 10, we can conclude that G−K contains no
blue odd cycle. Thus, GB[G −K] is bipartite. Since G contains no red Fn,
the size of each part is at most 2n and hence there exists a 3K2n in G
R.
Lemma 12. Suppose G = K6n is a (Fn, K4)-free graph, where n ≥ 4. Then
ω(GR) = 2n.
Proof. Let G = K6n be a (Fn, K4)-free graph such that ω(G
R) ≤ 2n− 1.
Since R(Fn, K3) = 4n + 1, G has a blue K3, say T = xyz. Since dGB(s) ≥
4n− 2 , for all s ∈ V (G), we conclude that dBG−T (v) ≥ 4n−4, for all v ∈ V (T ).
Note that |NB(u) ∩ NB(v)| ≥ 2n − 5 = (4n − 4) + (4n − 4) − (6n − 3), for
u, v ∈ V (T ).
Let Nxy = N
B(x) ∩ NB(y). Define Nxz and Nyz similarly. If there exists
a blue edge in Nxy, then G contains a blue K4, a contradiction. Similar
argument holds for Nyz and Nxz. Therefore Nxy, Nxz and Nyz are red cliques
of order at least 2n−5. Note that Nxy∩Nxz = Nxy∩Nyz = Nxz∩Nyz = ∅ and
all the edges between z and Nxy are red, otherwise G contains a blue K4. So,
Z = Nxy∪{z} is a red clique of order at least 2n−4. Thus, ω(GR) ≥ 2n− 4.
Similarly, X = Nyz ∪ {x} and Y = Nxz ∪ {y} are the red cliques of order at
least 2n − 4. Let X ′ ⊆ X be a red clique of order 2n − 4 which contains x.
Define Y ′ and Z ′ similarly (See Figure 2).
Let D = V (G)−(X ′∪Y ′∪Z ′), then |D| = 12. Note that all edges between x
and Y ′∪Z ′ are blue and consequently dBD(x) ≥ 6 = 4n−2−(2n−4+2n−4).
Similar argument holds for y and z. Since |D| = 12, there are two vertices
in V (T ) which have at least two blue common neighbors in D. With no loss
6
Figure 3
of generality, assume that |NBD (x) ∩NBD (y)| ≥ 2. One can easily see that all
edges between NBD (x) ∩ NBD (y) and Z are red since G contains no blue K4.
Therefore ω(GR) ≥ 2n− 2. So, we consider two cases:
Case 1: ω(GR) = 2n− 2.
Since ω(GR) = 2n − 2 and |NBD (s)| ≥ 6, for all s ∈ V (T ), we conclude that
|NBD (x) ∩NBD (y)| = |NBD (x) ∩NBD (z)| = |NBD (y) ∩NBD (z)| = 2.
Notice that |X| = |Y | = |Z| = 2n−2. Let D′ ⊆ D be the remaining 6 vertices
which each one of them is not the common neighbor of any two vertices of
x, y and z in GB. Let D′ = {u1, . . . , u6} such that NBD′(x) = {u1, u2},
NBD′(y) = {u3, u4} and NBD′(z) = {u5, u6}.
Assume that u1u2 is red. Then all edges between two sets {u5, u6} and
Y − {y} are blue. Otherwise if there exists a red edge , for instance u5v,
where v ∈ Y −{y}, then Y ∪ {u1, u2, u5} induces a red Fn with the center y.
Now, {u5, u6, v, z} induces a blue K4, where v ∈ Y − {y}.
So, we may assume that u1u2, u3u4 and u5u6 are blue. Note that since G
contains no blue K4, there exists a red edge in G[{u3, u4, u5, u6}], say u4u5.
All edges between u3 and X − {x} are blue. Otherwise, if there exists a red
edge u3v, where v ∈ X − {x}, then X ∪ {u3, u4, u5} induces a red Fn with
the center x, a contradiction (See Figure 3).
Now, all edges between u4 and X are red. Otherwise, if there exists a blue
edge, for instance u4v, where v ∈ X − {x}, then {u3, u4, v, y} induces a blue
K4, a contradiction. But now X ∪ {u4} induces a red clique of order 2n− 1,
a contradiction.
Case 2: ω(GR) = 2n− 1.
In this case, |NBD (u) ∩ NBD (v)| = 3, for some 2-subset {u, v} ⊆ V (T ). We
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divide this case into some subcases:
Subcase 2.1: |NBD (u) ∩NBD (v)| = 3, for every 2-subset {u, v} ⊆ V (T ).
In this subcase we have |X| = |Y | = |Z| = 2n − 1. Let D′ ⊆ D be the
remaining 3 vertices which each one of them is not the common neighbor of
any two vertices of x, y and z in GB. The vertex v ∈ D′ has at least one blue
edge to X, Y and Z since ω(GR) = 2n − 1. Suppose that uv is a blue edge
such that u ∈ X. Notice that dBY ∪Z(v) ≥ 2n − 3 = (4n − 2) − 2 − (2n − 1)
since dGB(v) ≥ 4n− 2. Let Lv = NBY ∪Z(v), then |Lv| ≥ 2n− 3. Since G
contains no red Fn, we conclude d
R
Y (u), d
R
Z(u) ≤ 1. Thus, dBLv(u) ≥ 2n − 5.
Let Lu = N
B
Y ∪Z(u) ∩ Lv. Then |Lu| ≥ 2n− 5 and Lu induces a red clique,
otherwise {u, v} ∪ Lu induces a blue K4. Now, Y ∪ Lu or Z ∪ Lu induces a
red Fn since n ≥ 4, a contradiction.
Subcase 2.2:
|NBD (x) ∩NBD (y)| = 3, |NBD (x) ∩NBD (z)| = 2, |NBD (y) ∩NBD (z)| = 1.
In this subcase, we have |X| = 2n − 3, |Y | = 2n − 2, |Z| = 2n − 1. Let
D′ ⊆ D be the remaining 6 vertices which each one of them is not the
common neighbor of any two vertices of x, y and z in GB. Also, let D′ =
{u1, u2, . . . , u6}. We have dBD′(x) = 1, dBD′(y) = 2 and dBD′(z) = 3 since
dGB(s) ≥ 4n− 2, for all s ∈ V (G). With no loss of generality, assume that
NBD′(x) = {u1}, NBD′(y) = {u2, u3} and NBD′(z) = {u4, u5, u6}. One of the
edges u4u5, u5u6 and u4u6 is red, otherwise {z, u4, u5, u6} induces a blue K4.
With no loss of generality, suppose that u5u6 is red.
Note that {u1, u2, u3} induces a blue K3, otherwise there exists a red Fn
with center z. Also, uiu4 is blue, for i = 1, 2, 3. If u1u4 is red, then Y ∪
{u1, u4, u5, u6} induces a red Fn, a contradiction. Also, if uiu4 is red, for
i = 2 or i = 3, then {ui, u4, u5, u6} induces a red Fn, a contradiction. Now,
{u1, u2, u3, u4} induces a blue K4 which is a contradiction.
Subcase 2.3:
|NBD (x) ∩NBD (y)| = |NBD (x) ∩NBD (z)| = 3, |NBD (y) ∩NBD (z)| = 0.
In this subcase, we have |X| = 2n − 4, |Y | = 2n − 1, |Z| = 2n − 1. Let
D′ ⊆ D be the remaining 6 vertices which each one of them is not the
common neighbor of any two vertices of x, y and z in GB. Also, let D′ =
{u1, u2, . . . , u6}. We have dBD′(x) = 0, dBD′(y) = 3 and dBD′(z) = 3 since
dGB(s) ≥ 4n− 2, for all s ∈ V (G). With no loss of generality, suppose
that NBD′(y) = {u1, u2, u3}. Note that there exists a red edge uiuj, where
1 ≤ i < j ≤ 3, otherwise {y, u1, u2, u3} induces a blue K4. Now, Z ∪ {ui, uj}
induces a red Fn with the center z, a contradiction.
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Subcase 2.4:
|NBD (x) ∩NBD (y)| = |NBD (x) ∩NBD (z)| = 3, |NBD (y) ∩NBD (z)| = 1.
In this subcase, we have |X| = 2n − 3, |Y | = 2n − 1, |Z| = 2n − 1. Let
D′ ⊆ D be the remaining 5 vertices which each one of them is not the
common neighbor of any two vertices of x, y and z in GB. Also, let D′ =
{u1, u2, . . . , u5}. We have dBD′(y) ≥ 2 and dBD′(z) ≥ 2 since dGB(s) ≥ 4n− 2,
for all s ∈ V (G). With no loss of generality, suppose that {u1, u2} ⊆ NBD′(y)
and {u3, u4} ⊆ NBD′(z).
Suppose that u5 ∈ NB(z). Then G[{u3, u4, u5}] has a red edge, say u4u5,
otherwise {z, u3, u4, u5} induces a blue K4. Now, Y ∪ {u4, u5} induces a red
Fn, a contradiction. Similar argument holds for y.
So, we may assume that u5 ∈ NR(y) ∩ NR(z). Note that u4u5 is blue,
otherwise Y ∪ {u4, u5} induces a red Fn with the center y. Similarly, uiu5 is
blue, for i = 1, 2, 3.
u1u2 is blue, otherwise Z ∪ {u1, u2} induces a red Fn with the center z.
Similarly, u3u4 is blue. Since G contains no blue K4, we may assume that
u2u3 is red. Then u1u4 is blue, otherwise X∪{u1, u2, u3, u4} induces a red Fn.
Also, note that u1u3 or u2u4 is blue, otherwise X ∪ {u1, u2, u3, u4} induces a
red Fn. Suppose that u1u3 is blue. Now, {u1, u3, u4, u5} induces a blue K4,
a contradiction.
Subcase 2.5:
|NBD (x) ∩NBD (y)| = |NBD (x) ∩NBD (z)| = 3, |NBD (y) ∩NBD (z)| = 2.
In this subcase, we have |X| = 2n − 2, |Y | = 2n − 1, |Z| = 2n − 1. Let
D′ ⊆ D be the remaining 4 vertices which each one of them is not the
common neighbor of any two vertices of x, y and z in GB. Also, let D′ =
{u1, u2, u3, u4}. We have dBD′(x) ≥ 0, dBD′(y) ≥ 1 and dBD′(z) ≥ 1. With no
loss of generality, suppose that u1 ∈ NBD′(y) and u2 ∈ NBD′(z). The vertex u1
has at least one blue edge to Z since ω(GR) = 2n− 1.
Suppose that u1 has a blue edge to X. By the fact that dGB(u1) ≥ 4n− 2,
the vertex u1 has at least 2n−4 = 4n−2− (2n−1 + 3) blue edges to X ∪Z.
Let Lu1 = N
B
X∪Z(u1). Then |Lu1 | ≥ 2n− 4 and Lu1 induces a red clique,
otherwise {u1, y} ∪Lu1 induces a blue K4. Now, X ∪Lu1 or Z ∪Lu1 induces
a red Fn since n ≥ 4, a contradiction.
Now, suppose that all edges between u1 and X are red. Let X
′ = X ∪ {u1}.
Clearly, X ′ is a red clique of order 2n − 1. Since ω(GR) = 2n − 1, u2 has
some blue edges to X ′ and to Y . The vertex u2 has at least 2n − 3 =
4n − 2 − (2n − 1 + 2) blue edges to X ′ ∪ Y . Let Lu2 = NBX′∪Y (u2). Then
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|Lu2| ≥ 2n− 3 and Lu2 induces a red clique, otherwise {z, u2} ∪ Lu2 induces
a blue K4, which is a contradiction. But, X
′ ∪ Lu2 or Y ∪ Lu2 induces a red
Fn since n ≥ 4, a contradiction.
Definition 13. Let n ≥ 2 be an integer and r = r(Fn, K4) = 6n+ 1. Define
a class g of graphs as the family of G1 and G2. Also, every graph in g shows
a red/blue edge-coloring of Kr−1 as
G1 : G
R
1 = 3K2n , G
B
1 = K2n,2n,2n
G2 : G
R
2 = 3K2n ∪ (I1 ∪ I2 ∪ I3) , GB2 = K2n,2n,2n − (I1 ∪ I2 ∪ I3)
such that if K2n,2n,2n = (A1, A2, A3), then Ii is a collection of ki indepen-
dent edges between Ai and Ai+1, for i = 1, 2 and I3 is a collection of k3
independent edges between A3 and A1, where 1 ≤ ki ≤ 2n, for i = 1, 2, 3 and
G2[I1 ∪ I2 ∪ I3] contains no red triangle.
Proof of the Theorem 2: Let G = K6n be a (Fn, K4)-free graph. By
Lemma 12, G contains a red K2n. Thus, by Lemma 11, G contains a red 3K2n.
One can easily find out that these two kind of colorings in the Definition 13
are the only (Fn, K4)-free colorings when G contains a red 3K2n.
We denote these red K2ns by Gi, for i = 1, 2, 3. Let w be a new vertex and G
′
be a graph obtaining from G by adding w and some colored edges between
w and G. We want to find an upper bound for the most number of colored
edges between w and G such that G′ still is a (Fn, K4)-free graph. It is clear
that w has at most one red edge to Gi, for i = 1, 2, 3, since G
′ has no red Fn.
Suppose that dBGi(w) ≥ 1, dBGj(w) ≥ 2 and dBGk(w) ≥ 3, where {i, j, k} =
{1, 2, 3}. With no loss of generality, let {u1} ⊆ NBGi(w), {u2, u3} ⊆ NBGj(w)
and {u4, u5, u6} ⊆ NBGk(w). Note that dRGj(u1) ≤ 1 since G contains no red
Fn. So, we may assume that u1u2 is a blue edge. With the similar argument
and with no loss of generality, suppose that u2u4 and u2u5 are blue edges.
Now, {u1, u2, u4, u5} contains a blue triangle. Hence G′ contains a blue K4,
a contradiction.
Now, suppose that dBGi(w) ≥ 2, for i = 1, 2, 3. With no loss of generality,
let {u1, u2} ⊆ NBG1(w), {u3, u4} ⊆ NBG2(w) and {u5, u6} ⊆ NBG3(w). One of
the edges u1u5 or u1u6 is blue, say u1u5. If u1u3 and u1u4 are both blue,
then u3u5 and u4u5 are red, otherwise G
′ contains a blue K4. But now, G
contains a red Fn with the center u5, a contradiction. So, we may assume
that u1u3, u2u4, u3u5 and u4u6 are red. Since G contains no red Fn, u1u5 is
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blue. Note that u1u4 and u4u5 are blue. But now, {u1, u4, u5, w} induces a
blue K4, which is a contradiction.
Now, we consider two cases:
Case1: dBGi(w) ≥ 1, for i = 1, 2, 3.
With no loss of generality, according to what is mentioned above, assume
that dBG1(w) = 1. If d
B
G2
(w) = 2, then dBG3(w) ≤ 2 and hence d(w) ≤ 8 (Since
dR(w) ≤ 3). Now, if dBGi(w) = 1, for i ∈ {2, 3}, then d(w) ≤ 2n + 4 (Since
dRG1∪G2(w) ≤ 2). Hence in this case we have d(w) ≤ 2n + 4.
Case2: dBGi(w) = 0, for some i ∈ {1, 2, 3}.
Let i = 1. Since dRG1(w) ≤ 1, one can easily obtain that d(w) ≤ 4n + 1 (at
most 4n edges to G2 ∪G3 and at most one red edge to G1).
These two cases imply that if d(w) ≥ 4n + 2, then G′ contains a red Fn or a
blue K4. Hence r∗(Fn, K4) ≤ 4n + 2.
One can easily find out that if w has degree 4n+1 such that 4n blue edges
are between w and G1 ∪G2 and one red edge is between w and G3, then G′
is a (Fn, K4)-free graph. Therefore, r∗(Fn, K4) ≥ 4n + 2, and consequently
r∗(Fn, K4) = 4n + 2.
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